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Solutions



A = (y = 6)5 = (i) L

We want to see if5 is in the

columnspace of A .

So we want
to

see if we can solve

(*)+xu(is)
~ earcombeof columns

of A
->

b

for Som2 scalars
X
,
X2 .

Notice that we can
rewrite this

equation
as

(i) = x) + ( :5x, ((

which is equivalent
to (i) = (Yx xil

which is exivalent
to (i) = (i

=6) (ii)
-

We have turned
the problem into a question

of : can we so lve the above
B = A *
equation.



Let's see if we can solve it. &L

liblio (6-is isI
⑬ ("Fi)
Now we try to solve

:

X ,
=
-2+ 3 = 1

x =
- 1

↓ Tit Wx ,
+ 3xz =

- 2
=>D X2=

- 1↳ I
x ,
=
-2 - 3 Xz

=D

I

solve (* ) and we get
So we can

S

10(i)- 1.(6)

Se,
B is in

the column
space

->of A because it can
be written

as a linear
combination of

the

columns of A .



11 2

I sA = ( 21 b 1 i = (e) ↳
We want to see if5 is in the

columnspace of A .

So we want
to

see if we can solve

(2)+ x(j) + x3(b)(*)

for some scalars X ,
X2 , X3

-

We can rewrite
this equation

as

( ((i) = (i) + (b) +
Which is

aquivalent to
x ,
+ x2 + 2x3

(i) = x ,

+ X3( 2x ,
+x2 + 3xs (

Which is
aquivalent to

(i) =164)(E) &(
So we have

convented this problem
into

an equation
of the form

5 = A *



Let's see if its solvable

- R ,
+ R2+ R2 &

o +(i)i ( 4i
L

0 - - 1
I

(oi? I
BI ( (i)

0 - 1
-14

This gives
=- I

x ,
+ x2 + 2X3↳x + x3 = - 1

o = 3

There are no
solutions to

this system

0 = 3 .

since we
have

Thus ,
there are

no
solutions

to (A)

and
page

on the previous

I is not
in the

column space

of A .



⑭ A = (
- 1 -= i E93 I (

( ( &

Can we solvewtraurugas asis
for X, ,X2 ,

Xs ?

This equation becomes+X
9x

i = (i) = I , :
to

which is
equivalent

I
1 - 1
3 I

(i) = (a 1)(i
1

Let's try to solve
this system.



I"it) inis is e9 3

&

⑭R (20fs)O 12
- 8 - 44

ER2+ Ra &",y-> &

-12RtRs+R

(% )->

- ARs + Rs
- (iifs)O 0

x ,
- x2 + xs =

S
=>
x3
= 1

=

-

3 x2
=
-3

\↳UX2
x, =

5 + x2
- Xs

xz
= 1

= 5
- 3 - 1 = 1



So
, yes 5 is in the column E

souce of A and (*) becomes

(g)- 3 . (5) + 1 . (i)

--



⑭ A = (, L

(i) We find a basis
for the nullspace. Recall

that the hullspace of A is all the

solutions to
A* =* that is

the

solutions to

(by)(2) = (8)
which is equivalent

to solving

x ,
- Xc +

3Xs

- 4x2 - 4X3(Ex
,

- 6x+2x3
( = (SX /

which
is the system

x ,
- xc +

3Xs
= 0

- 4x2 - 4X3
= 0

SX /
Ex

,

- 6x+2x3
= 0



Solving we have ↳a

1 - 13

7 -62

%

)i- iI5 - 4 - 4 I O
+Ry (i - <18)

00 0 0

so,
xz=t

x ,

-x +3x >
= 0

= Xe
= 19X3 = 19t

x - 19X ,
= 6 &

x ,
= X2

- 3XsEUo = 0
= 197

-3t

= 16 t

So the nullspace
of A is

N(a) = 2(π)/A(E)
=0]

m
notation

for
= 5 (ie)) At is in R3 =

nullspace of A



= [t(is) / A in 13 Lglo

= spa(((i)))
So
, (id) spars

the nullspace of A.

This rector is
lin .

ind .

since if
O

(ii) = (8) then (ii) = ( : (
&

and so c
= 0 (by the
bottnation]

Thus
,
a basis

for the nullspace

is (ii) .

-

Sii) The nullity
of A is the

dimension

of the nullspace
of A .

Since the

Mullspace of
A has

a
basis of

size 1 ,

the hollity
of A is 1 .



(ii) Now for the column space .

P9,L
Wa saw in part (i) that

the

row echelon form of

I
I

I I
1 - 1

IA = S is O
-is

8 ou

Circle the leading I's
in the

row-echelor

form of A .

Q
-3

(( ↳ Q-19
* ①

&
This o ponds

to column
7 and colored

So columns
7 and I

of A form

a
basis for

the
column

space
of A .

That is , 2) : Exs13 from a

basis for the
column space

of A .



-

(iv) The rank of A is the dimension Les
of the column space of A which is

the number of elements in a basis

for the column space
of A. By (ii)

has dimension 2,
the column space

-

(v) A is 3x3 [mxn where m=3]n = 3

The rank-nullity the says
that

rank (A) +
nullity (A) = n

# columns
n =W[of A
that

In this problem we have

P

I
this equation

becomes

2 t I
- 3

↓
-

which is true ,

So, we
have verified

the rank-nullity thm

for this matrix ,



⑭ A = (38 I l Mis

(i) The nullspace of
A consists of all E = (

A =5, that is all i
where

where

(B8)(xi=↑
2x,

- x3 = 0

which isim e
·

Noto2x / ( - 4X /
- [xs = 0

O

Let's solve this system

20
- 10 ↓ R ,+ R ,
-> 2( 00 ↳ I ( (: 10 I40 - 2 O

ou

There(10) which becomee

O



Xi leading variable : X , i

E free valiables ; Xz , X3

o = 0

so
, x ,

= Exs = tu
where u,

tExz = t are any
real

number
xz
= U

So,
the hullspace of

A is

N(a = 5(5)(a() = (8)]
-
notation

t space
of A

= 3(=))t ,
ne R3

- 3(+ ) + (i)(t , u + 1R)
=Eu(j) +t(i))t,ue)=



= sou(5("p)3(8)3) Lis

So
, (ii) (i) Span the hullsoace of A .

Let's show they are linearly
independent .

Suppose

(" ) +x(i) = (i)

·
Then

(ii) = (0)⑳↳
So
, c

= 0
and G

= 0 from
the I

bottom
two equations .

Thus
,
a
basis for the

nullspace

is 4(4)))))



(ii) Since the nullspace of A has 4
a basis with

two vectors
,
it

has dimension two ·

So
,
nullity (A)

= 2
.

-

(ii) If one row reduces

A = 28 =2) as in part (i)

( O

10
- Y2 for the row-

then one gets ( o O O L echelorforeO O O

-m

Ciraling the
leading

I's gives'

(
40

- Yz

(oo
o

ooo

The leading
I lives

in column
I of

form of
A.

the row-echelor
1 of

A is a
basis

So,
column

the column space
of A .

for



PeThat is, / * )] is a basis L
for the column space

of A
.

-

(iv) By part(in)
the column

space
has dimension

1 [abasis
consists

of one
ractor].

for the column
space

he
rank of A

is E .

So,

(v) A is mxn
=
3x3 .

The rank-nullity
theorem says

↑
rank (AI

+ Mullity
(A) =

Cn = #columns of A[·
which

for this
example

becomes

- 3
1 +

2
n

So we
have verified

which
is true .

the rank-nullity
theorem

for this matrix..



A=" ( L(
- I 3 22

↑

(i) Same procedure
as 2(a) and 2(b)

solutions.
We want to

solve

(i) (Ei = 6
Let's do it ,

- I

O I
U

((oioo(h
O

- ERztRz 1492( I
O

I-> 0774

R-R (64 32 8) .

o 000
0

So we get : X ,
+ 4x2 + Sxg +2xyEx2 + xs

+ Exy =
0

0 = 0



50
, X ,

= - 4X2 - 5x - 2x4 X., X2 al#> leading variables Li
X2 =

-

X3
- EX4 X3 ,Xy all

free variables

X
3
= t

t u are any

Xy = U real numbers#xz = - t -Bu=
- 4)-t - tu) - St

- Zu

x
,

=- t + EU

So the
nullspace

of A is

Nai = ((())A() = 1813

= (t)) notenumbering =



= S() + ( )/e,mesaly i

-[t() +n(i)) e
, umebeil e

= Soar(((i) , (3) -

Let's chack that these
two rectors

are

linearly independent
.

Suppose

(i) + a() = 10



I RThen
, (tai i = 00

The bottom two equations give
that

c = C
= 0

.

i(() ,( is a

basis for the nullspace of
A

.

thenullspace of
A has a

basis
with two

elements,
hence

So,
the

it has
dimension two

·

hullity of
A is 2.



Lin) Part (i) shows row-reducing Los

(
14s z

( leads
A = 2130

- I 3 22

to the
row-reduced form

Q 45 Z where the
leading

s Q 1 4/7 ones are
circled .1(

O 08 O

There leading
I's are

in columns one

and two
of the

row-reduced
form

and

of A .

Thus,
columns

one

two are a
basis for

the column

That is
a
basis is

space
of A .

E(i))(i)] .



pg(iv) By part (ii) a basis for ↳
the column space

of A has

two elements , so the column space

has dimension two

Hence the rack
of A is 2

.

-

(v) A is mxn = 3x4.

Thewank hullity theorem says

nullity (A) +
rank

(A)This formula becomes

2 + 2
> 4

which is true .

So we have
verified that

the rank-mullity
theorem is true

for this matrix.



& We are given that ↳
A is mxn = 4x5

and

that the nullity
of A is 3.

Thewank-nullity theorem
tells us that

Wank (A) + Mullity
(A) = N

which becomes

-

rank(A) + 3
-
5

So,

rank(t) = 2 .



④ Suppose A is man , Lis
We are given

that a
basis for

the column space
of A is

5(i) , (d) ·
This

,
the com

space
has dimension 2 .

So
,
rank (A) = 2 .

We are
also given

that the nullspace

has a basis of size
2

.

Thos,

nullity (A) =
2

.

By the
rank-hullity theorem ,

n =
wank (A)

+ nullity (A)

↑
# columnsEn = of A

So
,

the number of
columns

of A is

n =
2 + 2

= 4



# Let i = (2 ,

-K L
i= (5,

-7)

i= x , k

-

1UJe
To find a subset

of , , ,is
that

is a
basis for spar (5
,ens3)

we put
the

vectors into
a
matrix as

columns ,

5 /

Le+
A = (= - 7 W &

So we whe
looking

for a
basis

for the column space
of A .

A .

We need
to row-reduce

-7

I! (
S
1)

⑰ (b5- ,) (b)



-RstRn !7 =3)
27

-> (
I

5 I (
The row-echelon

form of A = I -7

is (07-1 ( where I've
circled

0 D - "3

the leading
I's
,

They are
in
columns

and

Se,
columns

one

one
and two

two of
Ame

a
basis

for the

Column Space
of A

That is,
[()9(fth3 is a

basis

for the
column space

of A .

So
,
span (2 ,

-1
.
25 ,

7
,

1
, 13)

= span (2(2 ,
- 1 , (5,

- 773)

with basis [(2 ,-1) , <5,
- 773. To



- ↑9Le
28

↳
we
write the extra ractor is -Now

as a
linea combination

of

i
,

and in Lets solve

< , 1)
= c

,
(2 ,

- 1 + c(s ,
-7)
-

-
->

-> Vz
-

Es Vi

This becomes 41 ,
17 = <24 ,

+Sca-4-7c .

2c ,
+ Sc

= 1↳- a- 7c = 1

Solving
this we get

(i)
⑭ ( (i)

(i) (b East
- jR2+ R2
->: c = -

C =-
- 7 ctEwhich gives c = - 1

Or

=
- 1 -7))=



Pg

29So, L
5 = ( , 1) = 5(z , - 1) - 5(5 ,

- 7)

= 5 -5

-

Let i = 1
,
0
,
k

⑭ z = 20 , 1
,
27

C

i = <1 , 1 ,k

- To find
a subset

of t F , ,is
that

SeE
a
basis for spar (5
,ens3)

is

we put
the

vectors into
a
matrix as

Let
columns ,

A = (ii)



We now now reduce A to find Lo
a
basis for the column space

of A .

(ii 1
- R , + RstRz ( ! i' (->

0 20

(ii) (
=B

-R & ·

oi

So the row-echelor
form of A = (ii)

(c ( where
I've circled the

is C I

O

leading
I's

.

The leading
I's one in

solumns one,
two
,
and three .

Se
,

the
corresponding

columns one
,

two ,

of A me
a
basis

and three

for the column space
of A.

L



PS
That is

,
a basis for the L13

column space
of A is

4(i)(i) : (i) 3 .

->

So,abasisfor the i li,
- = 1 , 1 ,
K

= 2 ,
0
,
K , n

= 20 , 1 , 27s
- = 1

,
!
,
K

.

⑪ All of
I, E ,is are

a

> Viof liVe
+

basis
for the span

So there
is nothing

to do here .



U A is al Pg6 We are given that ↳↳

mxn = 3x3 matrix
and that

nullity (A) = 0 .

By the
rank-nullity theorem

rank(Al + hullity
(A) = n

which becomes

rank (A) +
0 = 3 .

Thus
,
rank (A)

= 3
.

alasas
Since A is 3x3 ,

A = (
93) 932 933

(
The column space

of A is

W = Span (5(a) (a) glassa
which has dimension 3 since

rank (A)
= 3

.



So
,
W = column space of A ↳33

is of dimension
3 and it

lives in the
3 dimensional IR3

IR3 .

space Lu

By a
theorem

in class ⑧
this implies

that

3

W = IR .

Thus
,
every

restor (i) -> IR3

is in
W which is the

column space
of A .

So
,
evas

rector (i) -> I is

in the spar
of the columns

of A .


